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Abstract
Let (X, d) be a semimetric space and let G be a graph. We say that G is the
diametrical graph of (X, d) if X is the vertex set of G and the adjacency of vertices
x and y is equivalent to the equality diam X = d(x, y). It is shown that a semimetric
space (X, d) with diameter d∗ is ultrametric iff the diametrical graph of (X, dε ) with
dε (x, y) = min{d(x, y), ε} is complete multipartite for every ε ∈ (0, d∗ ). A refinement
of the last result is given for totally bounded ultrametric spaces. Moreover, using
complete multipartite graphs we characterize the compact ultrametrizable topological
spaces. The bounded ultrametric spaces, which are weakly similar to unbounded ones,
are also characterized via complete multipartite graphs.
2020 Mathematics Subject Classification. 54E35, 54E45.
Key words and phrases. Totally bounded ultrametric space, compact ultrametric
space, complete multipartite graph, weak similarity.
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Introduction

In what follows we write R+ for the set of all nonnegative real numbers.
Definition 1.1. A semimetric on a set X is a function d : X × X → R+ satisfying the
following conditions for all x, y ∈ X:
(i) (d(x, y) = 0) ⇔ (x = y);
(ii) d(x, y) = d(y, x).
A semimetric space is a pair (X, d) of a set X and a semimetric d : X × X → R+ . A
semimetric d : X × X → R+ is called a metric if the triangle inequality
d(x, y) ≤ d(x, z) + d(z, y)
holds x, y, z ∈ X. If we have
d(x, y) ≤ max{d(x, z), d(z, y)}

(1.1)

for all x, y, z ∈ X, then the semimetric d is called an ultrametric on X. Inequality (1.1) is
often called the strong triangle inequality. It is clear that every ultrametric space is a metric
space, but not vice versa in general.
In all ultrametric spaces, each triangle is isosceles with the base being no greater than
the legs. The converse statement also is valid: if X is a semimetric space and each triangle
in X is isosceles with the base no greater than the legs, then X is an ultrametric space.
Ultrametric spaces appear in many different domains of research outside of mathematics:
physics, linguistics, psychology and computer science. The use of trees and tree-like structures gives a natural language for description of ultrametric spaces [2, 3, 9, 12, 14, 17, 18, 21–
25, 27, 32–35, 37, 39, 40].
The purpose of this paper is to develop a new technique for research of ultrametric spaces
based on complete multipartite graphs.
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The main results of the paper are presented in Section 3.
Theorem 3.7 completely describes the class of graphs for which every semimetric space
with diametrical graph from this class is ultrametric.
In Proposition 3.9 it is shown that diametrical graphs of totally bounded ultrametric
spaces are complete multipartite with finite number of parts. In Corollary 3.13, using Proposition 3.9, we find a characterization of ultrametrizable compact topological spaces in terms
of complete multipartite graphs.
A new characterization of ultrametric spaces and totally bounded ultrametric spaces is
given in Theorems 3.17 and 3.18, respectively.
In Theorems 3.19 and 3.22 we study interrelations between bounded and unbounded
ultrametrics. In particular, in Theorem 3.22 it is shown that the diametrical graph of a
bounded ultrametric space is empty iff this space is weakly similar to an unbounded ultrametric space.

2

Some basic definitions and facts

The basic notion for us is a graph.
A simple graph is a pair (V, E) consisting of a nonempty set V and a set E whose elements
are unordered pairs {u, v} of different points u, v ∈ V . For a graph G = (V, E), the sets
V = V (G) and E = E(G) are called the set of vertices and the set of edges, respectively.
We say that G is empty if E(G) = ∅. A graph G is finite if V (G) is a finite set. A graph H
is, by definition, a subgraph of a graph G if the inclusions V (H) ⊆ V (G) and E(H) ⊆ E(G)
are valid.
A path is a finite nonempty graph P whose vertices can be numbered so that

V (P ) = {x0 , x1 , . . . , xk }, k ⩾ 1, and E(P ) = {x0 , x1 }, . . . , {xk−1 , xk } .
In this case we say that P is a path joining x0 and xk .
A graph G is connected if for every two distinct u, v ∈ V (G) there is a path in G joining
u and v.
The complement G of a graph G is the graph with V (G) = V (G) and such that


{x, y} ∈ E(G) ⇔ {x, y} ∈
/ E(G)
for all distinct x, y ∈ V (G).
The following notion of complete multipartite graph is well-known when the vertex set
of the graph is finite (see, for example, [13, p. 17]). Below we need this concept for graphs
having vertex sets of arbitrary cardinality.
Definition 2.1. Let G be a graph and let k ⩾ 2 be a cardinal number. The graph G
is complete k-partite if the vertex set V (G) can be partitioned into k nonempty, disjoint
subsets, or parts, in such a way that no edge has both ends in the same part and any two
vertices in different parts are adjacent.
We shall say that G is a complete multipartite graph if there is a cardinal number k such
that G is complete k-partite.
https://digitalcommons.georgiasouthern.edu/tag/vol9/iss1/8
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Remark 2.2. It is easy to prove that a graph G is complete multipartite if and only if the
non-adjacency is an equivalence relation on V (G) having at least two distinct equivalence
classes (cf. Diestel [13, p. 177]).
We define the distance set D(X) of a semimetric space (X, d) as the range of the semimetric d : X × X → R+ ,
D(X) = D(X, d) := {d(x, y) : x, y ∈ X}
and write
diam X := sup{d(x, y) : x, y ∈ X}.
Our next definition is a modification of Definition 2.1 from [40].
Definition 2.3. Let (X, d) be a nonempty semimetric space. Denote by GX,d a graph such
that V (GX,d ) = X and, for u, v ∈ V (GX,d ),
({u, v} ∈ E(GX,d )) ⇔ (d(u, v) = diam X and u ̸= v).

(2.1)

We call GX,d the diametrical graph of (X, d).
Example 2.4. Let X be a set with |X| ⩾ 2 and let G be a nonempty graph with V (G) = X.
If we define a mapping d : X × X → R+ by


0 if x = y,
d(x, y) = 2 if {x, y} ∈ E(G),


1 if {x, y} ∈ E(G),
then d is a metric on X and the equality GX,d = G holds.
Example 2.5. If (X, d) is an unbounded metric space or |X| = 1 holds, then the diametrical
graph GX,d is empty, E(GX,d ) = ∅.
Remark 2.6. The use of the name diametrical graph for graphs generated by semimetric
spaces according to Definition 2.3 is not generally accepted. For example, in [1, 38, 42], a
graph H is said to be diametrical if H is connected and, for every u ∈ V (H), there is the
unique v ∈ V (H) such that
dH (u, v) ⩾ dH (x, y)
holds for all distinct x, y ∈ V (H), where dH (x, y) is the minimum length of the paths
connecting x and y in H.
Let (X, d) be a semimetric space. The open ball with a radius r > 0 and a center c ∈ X
is the set
Br (c) := {x ∈ X : d(c, x) < r}.
Write BX = BX,d for the set of all open balls in (X, d).
Now we recall a definition of total boundedness.
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Definition 2.7. A metric space (X, d) is totally bounded if, for every r > 0, there is a finite
set {Br (x1 ), . . . , Br (xn )} ⊆ BX such that
n
[

X⊆

Br (xi ).

i=1

An important subclass of totally bounded metric spaces is the class of compact metric
spaces.
Definition 2.8 (Borel—Lebesgue property). A metric space (X, d) is compact if every family
F ⊆ BX satisfying the inclusion
[
X⊆
B
B∈F

contains a finite subfamily F0 ⊆ F such that
[

X⊆

B.

B∈F0

A standard definition of compactness usually formulated as: every open cover of a topological space has a finite subcover.
We will use the following lemma to obtain a useful characterization of totally bounded
ultrametric spaces in Proposition 2.10 below.
Lemma 2.9 (Corollary 4.5 [26]). Let (X, d) be an ultrametric space. Then the equivalence
(Br (x1 ) = Br (x2 )) ⇔ (Br (x1 ) ∩ Br (x2 ) ̸= ∅)
is valid for every r > 0 and all x1 , x2 ∈ X.
Proposition 2.10. Let (X, d) be a nonempty ultrametric space and let BrX1 be the set of all
open balls (in (X, d)) having a fixed radius r1 > 0,
BrX1 = {Br1 (c) : c ∈ X}.

(2.2)

Then the following conditions are equivalent:
(i) BrX1 is finite for every r1 > 0.
(ii) (X, d) is totally bounded.
Proof. (i) ⇒ (ii). The validity of this implication follows directly from Definition 2.7.
(ii) ⇒ (i). Suppose (X, d) is totally bounded. Let r1 > 0 be given. Then there is a finite
set {c1 , . . . , cn } ⊆ X such that
n
[
X=
Br1 (ci ).
(2.3)
i=1

Moreover, without loss of generality, we assume Br1 (cn1 ) ̸= Br1 (cn2 ) for all distinct n1 ,
n2 ∈ {1, . . . , n}. We claim that the equality
BrX1 = {Br1 (c1 ), . . . , Br1 (cn )}
https://digitalcommons.georgiasouthern.edu/tag/vol9/iss1/8
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holds. Indeed, the inclusion
{Br1 (c1 ), . . . , Br1 (cn )} ⊆ BrX1
follows from {c1 , . . . , cn } ⊆ X.
To prove the reverse inclusion, consider an arbitrary B ∈ BrX1 . Using (2.3) we can find
i ∈ {1, . . . , n} such that B∩Br1 (ci ) ̸= ∅, that implies the equality B = Br1 (ci ) by Lemma 2.9.
Thus, we have
B ∈ {Br1 (c1 ), . . . , Br1 (cn )}
for every B ∈ BrX1 . Equality (2.4) follows.
The following constructive description of the distance sets of totally bounded ultrametric
spaces is a part of Corollary 3.9 from paper [26].
Proposition 2.11. The following statements are equivalent for every A ⊆ R+ :
(i) There is an infinite totally bounded ultrametric space (X, ρ) such that A is the distance
set of (X, ρ).
(ii) There is a strictly decreasing sequence (xn )n∈N ⊆ R+ such that
lim xn = 0

n→∞

holds and the equivalence
(x ∈ A) ⇔ (x = 0 or ∃n ∈ N : xn = x)
is valid for every x ∈ R+ .
Proof Outline. If statement (ii) holds, then the Delhommé—Laflamme—Pouzet—Sauer ultrametric d : A × A → R+ ,
d(x, y) = max{x, y}
for distinct x, y ∈ A, is totally bounded and satisfies d(A × A) = A.
Let an ultrametric space (X, ρ) be totally bounded and let D(X) = A hold. “No new
values of the ultrametric after completion” principle implies that D(X) is compact and at
most countable in R+ . Since X is infinite and totally bounded, D(X) is infinite and the
point 0 is a limit point of D(X). Hence, statement (ii) holds if every nonzero p ∈ A is an
isolated point of A, that can be proved with the help of the following fact:
• For each ultrametric space (Y, d) and all a1 , a2 , a3 , a4 ∈ Y , the inequalities
d(a1 , a2 ) > d(a1 , a4 ) and d(a1 , a2 ) > d(a2 , a3 )
imply the equality d(a1 , a2 ) = d(a3 , a4 ).
In the next section of the paper we will also use a concept of weakly similar ultrametric
spaces.
The following definition is an equivalent form of Definition 1.1 from [20].
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Definition 2.12. Let (X, d) and (Y, ρ) be nonempty semimetric spaces. A mapping Φ : X →
Y is a weak similarity of (X, d) and (Y, ρ) if Φ is bijective and there is a strictly increasing
bijection ψ : D(Y ) → D(X) such that

d(x, y) = ψ ρ Φ(x), Φ(y)
for all x, y ∈ X.
If Φ : X → Y is a weak similarity, then we say that (X, d) and (Y, ρ) are weakly similar.
This concept is also defined in [29] for finite metric spaces and called the weak isometry
by authors. Some questions connected with the weak similarities and their generalizations
were studied in [4, 15, 16, 19, 20, 40].
The following lemma is a reformulation of Proposition 1.5 from [20] (see also Proposition 2.2 in [7]).
Lemma 2.13. Let (X, d) and (Y, ρ) be nonempty weakly similar semimetric spaces. Then d
is an ultrametric on X if and only if ρ is an ultrametric on Y .

3

When diametrical graphs are complete and multipartite

Let us start with the following instructive example.
Example 3.1. Let us consider a nonempty “metric” space (X, d) for which the distance
between some points can be infinite, i.e., d : X × X → R+ ∪ {∞} satisfies the triangle
inequality and conditions (i)–(ii) from Definition 1.1 with d = d. Now we may define the
diametrical graph GX,d as in Definition 2.3. If the distance set D(X, d) contains ∞, then
GX,d is complete multipartite. Indeed, for every connected subgraph H of the complement
GX,d , the triangle inequality implies
{x, y} ∈ E(H)
for all distinct x, y ∈ V (H). Hence, the non-adjacency is an equivalence relation on V (GX,d ).
This relation has at least two distinct equivalence classes if
∞ ∈ D(X, d).

(3.1)

Thus, if (3.1) holds, then GX,d is a complete multipartite graph by Remark 2.2.
Remark 3.2. Some geometric applications of such type extended metrics d can be found,
for example, in [8]. We will also use the symbol d for any semimetric whose range set can
contain the point ∞.
If a diametrical graph GX,d is complete multipartite, then its parts admit the following
simple geometric interpretation.
https://digitalcommons.georgiasouthern.edu/tag/vol9/iss1/8
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Proposition 3.3. Let (X, d) be a semimetric space with |X| ⩾ 2. If GX,d is complete
multipartite, then every part of GX,d corresponds to an open ball with a center c in X and
the radius r = diam X and, conversely, every open ball Br (c) with r = diam X and c ∈ X is
a part of GX,d .
Proof. Suppose that GX,d is a complete multipartite graph. Let X1 be a part of GX,d and
let x1 be a point of X1 . We claim that the equality
X1 = Br (x1 )

(3.2)

holds with r = diam X.
First of all, note that |X| ⩾ 2 implies the inequality diam X > 0. Hence, the open ball
Br (x1 ) is correctly defined. Let x2 be a point of the set X \ X1 . Since GX,d is complete
multipartite and x2 ∈
/ X1 holds, the membership relation
{x1 , x2 } ∈ E(GX,d )

(3.3)

is valid. From (3.3) it follows that
d(x1 , x2 ) = diam X = r.
Hence, x2 ∈ X \ Br (x1 ). Thus, the inclusion
X \ X1 ⊆ X \ Br (x1 )

(3.4)

holds. Similarly, we can prove the inclusion X \ Br (x1 ) ⊆ X \ X1 . The last inclusion and
(3.4) imply equality (3.2).
Let us consider now an open ball Br (c) with r = diam X and arbitrary c ∈ X. Then
there is a part X2 of GX,d such that c ∈ X2 . Arguing as in the proof of equality (3.2), we
obtain the equality X2 = Br (c).
Proposition 3.3 and Example 3.1 imply the following constructive description of all “metric” spaces (X, d) which satisfy ∞ ∈ D(X, d).
Corollary 3.4. Let (X, d) be a metric space. Then the following statements are equivalent:
(i) There is a family {(Xi , di ) : i ∈ I}, |I| ⩾ 2, of disjoint nonempty metric spaces (Xi , di )
such that
[
X=
Xi
i∈I

and

(
di (x, y) if x, y ∈ Xi for some i ∈ I,
d(x, y) =
∞
otherwise.

(ii) The distance set D(X, d) contains ∞.
In the next example and below we will only consider ordinary semimetric spaces.

Published by Digital Commons@Georgia Southern, 2022

7

Theory and Applications of Graphs, Vol. 9 [2022], Iss. 1, Art. 8

Example 3.5. Let (X, d) be a metric space with |X| ⩾ 2. If the inequality
2t < diam X

(3.5)

holds whenever t ∈ D(X) and t ̸= diam X, then the diametrical graph GX,d is complete
and multipartite. As Example 2.4 shows, the last condition is sharp in the sense that
inequality (3.5) cannot be replaced by inequality 2t ⩽ diam X.
The first our theorem is, in fact, a part of Theorems 3.1 and 3.2 from [14].
Theorem 3.6. Let (X, d) be an ultrametric space with |X| ⩾ 2. Then the following statements are equivalent:
(i) The diametrical graph GX,d of (X, d) is nonempty.
(ii) The diametrical graph GX,d is complete multipartite.
Proof Outline. Statement (ii) is valid iff the non-adjacency is an equivalence relation on
V (GX,d ) = X. For every ultrametric space (Y, ρ) with |Y | ⩾ 2, the relation ≡ defined by
(x ≡ y) ⇔ (ρ(x, y) < diam Y )
is an equivalence relation on Y and, in addition, this relation has a unique equivalence class
iff the graph GY,ρ is empty. Thus, the validity (i) ⇔ (ii) follows from Remark 2.2.
Let G be any graph and consider the family M(G) (SM(G)) of all metric (semimetric)
spaces (X, d) whose diametrical graphs are equal to G.
Theorem 3.7. Let Γ be a nonempty graph, Γ be the complement of Γ and let X be the set
of vertices of Γ, X = V (Γ). Then the following conditions are equivalent:
(i) The inequality |V (H)| ⩽ 2 holds for every connected subgraph H of Γ.
(ii) Every (X, d) ∈ SM(Γ) is ultrametric.
(iii) Every (X, d) ∈ M(Γ) is ultrametric.
Proof. (i) ⇒ (ii). Let Γ satisfy condition (i) and let (X, d) be a semimetric space such that
GX,d = Γ.

(3.6)

If (X, d) is not ultrametric, then there are points x, y, z ∈ X satisfying the inequality
d(x, y) > max{d(x, z), d(z, y)}.

(3.7)

The inequality diam X ⩾ d(x, y), (3.6) and (3.7) imply
{x, z}, {z, y} ∈ E(Γ).

(3.8)

Moreover, from (3.7) it follows that the points x, y and z are pairwise distinct. Hence, (3.8)
implies that the graph H with

V (H) = {x, y, z} and E(H) = {x, z}, {z, y}
https://digitalcommons.georgiasouthern.edu/tag/vol9/iss1/8
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is a connected subgraph of Γ for which |V (H)| > 2 holds, contrary to (i).
(ii) ⇒ (iii). This implication is evidently valid.
(iii) ⇒ (i). Let condition (ii) hold. Suppose that there is a connected subgraph H of
the graph Γ such that |V (H)| ⩾ 3. Let x, y and z be distinct vertices of H. Without loss of
generality, we assume

{x, z}, {z, y} ⊆ E(H).
The cases {x, y} ∈ E(Γ) and {x, y} ∈ E(Γ) are possible. Suppose {x, y} ∈ E(Γ) holds. Let
a and b be two distinct points of the interval (1, 2). Then we define a metric d on X = V (Γ)
as


0
if u = v,





if {u, v} ∈ E(Γ),
2
(3.9)
d(u, v) = a
if {u, v} = {x, z},



b
if {u, v} = {z, y},



 a+b otherwise.
2
From (3.9) and E(Γ) ̸= ∅ it follows that (X, d) is a metric space with the diameter equals
2 and the diametrical graph equals Γ. In addition, a, b ∈ (1, 2) and (3.9) imply
2 = d(x, y) > max{d(x, z), d(z, y)} = max{a, b}.
Similarly, if {x, y} ∈ E(Γ) holds and d : X × X → R+ is defined by (3.9), then we obtain
GX,d = Γ as above. Moreover, we have the equalities
d(x, y) =

a+b
,
2

d(x, z) = a,

and d(z, y) = b

with pairwise different numbers a, b, a+b
. Thus, the triangle {x, y, z} is not isosceles in both
2
possible cases. Hence, (X, d) ∈ M(Γ) is not ultrametric, contrary to (iii).
Example 2.4 and Theorems 3.6, 3.7 imply the following.
Corollary 3.8. Let Γ be a graph with |V (Γ)| ⩾ 2 and let |V (H)| ⩽ 2 hold for every connected
subgraph H of the complement Γ of Γ. Then Γ is complete multipartite.
Proposition 3.9. Let (X, d) be a totally bounded ultrametric space with |X| ⩾ 2. Then
there is an integer k ⩾ 2 such that the diametrical graph GX,d is complete k-partite.
Proof. Since |X| ⩾ 2 holds and every totally bounded metric space is bounded, we have
0 < diam X < ∞. It follows from Proposition 2.11 that the equality diam X = d(x1 , x2 ) holds
for some x1 , x2 ∈ X. Hence, by Theorem 3.6, GX,d is complete multipartite. Consequently,
there is a cardinal number k such that GX,d is complete k-partite.
Let {Xi : i ∈ I}, |I| = k, be the family of all parts of the diametrical graph GX,d and let
r1 := diam X. Then, by Proposition 3.3, we have
{Xi : i ∈ I} ⊆ BrX1 ,

(3.10)

where BrX1 is the set of all open balls (in (X, d)) with the radius r1 . By Proposition 2.10, the
set BrX1 is finite. Hence, k is finite by inclusion (3.10).
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Using Proposition 3.9 and Theorem 3.7 we obtain the following.
Corollary 3.10. Let (X, d) be a totally bounded ultrametric space. If every metric space
(X, ρ) satisfying the equality GX,d = GX,ρ is ultrametric, then (X, d) is finite.
To formulate the next corollary, we recall some concepts from General Topology.
Definition 3.11. Let τ and d be a topology and, respectively, a metric on a set X. Then τ
and d are said to be compatible if BX,d is an open base for the topology τ .
Definition 3.11 means that τ and d are compatible if and only if every B ∈ BX,d belongs
to τ and every A ∈ τ can be written as the union of a family of elements of BX,d . If (X, τ )
admits an ultrametric on X that is compatible with τ , then we say that the topological space
(X, τ ) is ultrametrizable.
Lemma 3.12. Let (X, τ ) be an ultrametrizable nonempty topological space. Then the following conditions are equivalent:
(i) The space (X, τ ) is compact.
(ii) The distance set D(X, d) has a supremum and this supremum is a member of the set
D(X, d) whenever d is a compatible with τ ultrametric.
Proof Outline. It is clear that (i) and (ii) are equivalent if X is finite. For infinite X it
was proved in Theorem 4.7 of [26] that each of conditions (i) and (ii) is equivalent to the
following:
• The distance sets D(X, d) and D(X, ρ) are order isomorphic whenever d and ρ are
compatible with τ ultrametrics.
Corollary 3.13. Let (X, τ ) be an ultrametrizable topological space with |X| ⩾ 2. Then the
following conditions are equivalent:
(i) The diametrical graph GX,d is complete k-partite with some integer k = k(d) whenever
d is a compatible with τ ultrametric.
(ii) The diametrical graph GX,d is complete multipartite whenever d is a compatible with τ
ultrametric.
(iii) The topological space (X, τ ) is compact.
Proof. (i) ⇒ (ii). This implication is evidently valid.
(ii) ⇒ (iii). Let d : X × X → R+ be a compatible with τ ultrametric. Suppose that (ii)
holds. Then there are points x1 , x2 ∈ X such that d(x1 , x2 ) = diam X. Hence, the distance
set D(X, d) contains diam X. It implies the compactness of (X, τ ) by Lemma 3.12.
(iii) ⇒ (i). Since every compact ultrametric space is totally bounded, the validity of
(iii) ⇒ (i) follows from Proposition 3.9.
Remark 3.14. Necessary and sufficient conditions under which topological spaces are ultrametrizable were found by De Groot [30, 31]. See also [5, 6, 10, 11, 26, 36] for other known
results connected with ultrametrizable topologies.
https://digitalcommons.georgiasouthern.edu/tag/vol9/iss1/8
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Example 3.15. Let B 1 (0) = {x ∈ Qp : dp (x, 0) ⩽ 1} be the unit closed ball in the ultrametric space (Qp , dp ) of p-adic numbers. Then B 1 (0) is a compact infinite subset of (Qp , dp )
(Theorem 5.1, [41]). Hence, by Proposition 3.9, the diametrical graph GB 1 (0),dp |B (0)×B (0) is
1

1

complete k-partite with some integer k ⩾ 2. Since the ball B 1 (0) can be written as disjoint
union of open balls,
B 1 (0) = B1 (0) ∪ B1 (1) ∪ . . . ∪ B1 (p − 1)
(3.11)
(see, for example, Problem 50 in [28]), the diametrical graph of B 1 (0) is complete p-partite
with the parts B1 (i) ∈ BQp , i = 0, 1, . . ., p − 1, by Proposition 3.3.
Definition 2.3 of diametrical graph can be modified as follows.
Let (X, d) be a semimetric space with |X| ⩾ 2 and let r ∈ (0, ∞). Denote by GrX,d a
graph such that V (GrX,d ) = X and


{u, v} ∈ E(GrX,d ) ⇔ d(u, v) ⩾ r
(3.12)
for all u, v ∈ V (GrX,d ).
Remark 3.16. It is clear that (2.1) and (3.12) are equivalent if r = diam X. Consequently, we
have the equality GrX,d = GX,d for any bounded semimetric space (X, d) with r = diam X.
Now we can give a new characterization of ultrametric spaces.
Theorem 3.17. Let (X, d) be a semimetric space. Then the following statements are equivalent:
(i) The semimetric space (X, d) is ultrametric.
(ii) GrX,d is complete multipartite for every r ∈ (0, diam X).
Proof. The equivalence (i) ⇔ (ii) is evidently valid if |X| = 1. Suppose that |X| ⩾ 2 holds.
(i) ⇒ (ii). Let (X, d) be ultrametric, let r ∈ (0, diam X) and let a function ψr : R+ → R+
be defined as
ψr (t) = min{r, t}, t ∈ R+ .
(3.13)
It is easy to prove that the mapping ρr = ψr ◦ d is an ultrametric on X. From (3.13) and
r ∈ (0, diam X) it follows that diam(X, ρr ) = r. The last equality and (3.12) imply
GX,ρr = GrX,d .

(3.14)

By Theorem 3.6, the diametrical graph GX,ρr is either empty or complete multipartite. The
double inequality 0 < r < diam(X, d) implies that r ∈ D(X, ρr ). Hence, GX,ρr is nonempty.
The validity of (i) ⇒ (ii) follows.
(ii) ⇒ (i). Let (ii) hold. Suppose that there are x1 , x2 , x3 ∈ X satisfying
d(x1 , x2 ) > max{d(x1 , x3 ), d(x3 , x2 )}.

(3.15)

Let r satisfy the double inequality

d(x1 , x2 ) > r > max d(x1 , x3 ), d(x3 , x2 ) .
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Inequality (3.15) implies that the points x1 , x2 , x3 are pairwise distinct. In the correspondence with (ii), GrX,d is complete multipartite. Let Xi be a part of GrX,d such that xi ∈ Xi
holds for i = 1, 2, 3. By (3.12) and (3.16), we have {x1 , x2 } ∈ E(GrX,d ). Hence, X1 are X2
are distinct, X1 ̸= X2 . If X1 = X3 holds, then from (3.12) it follows that
d(x2 , x3 ) ⩾ r,

(3.17)

contrary to (3.16). Thus, we have X1 ̸= X3 . Similarly, we obtain X2 ̸= X3 . Hence, X1 , X2 ,
X3 are distinct parts of GrX,d . The last statement also implies (3.17), that contradicts (3.15).
It is shown that the strong triangle inequality holds for all x1 , x2 , x3 ∈ X. The validity of
(ii) ⇒ (i) follows.
For the case of totally bounded ultrametric spaces we have the following refinement of
Theorem 3.17.
Theorem 3.18. Let (X, d) be a metric space. Then (X, d) is totally bounded and ultrametric
if and only if GrX,d is complete k-partite with an integer k = k(r) for every r ∈ (0, diam X).
Proof. The conclusion of the theorem is vacuously true if |X| = 1. Suppose that (X, d) is
totally bounded and ultrametric and |X| ⩾ 2 holds. Let r ∈ (0, diam X) and let ψr : R+ →
R+ be defined by (3.13). Then
ρr = ψr ◦ d.
(3.18)
is an ultrametric on X. Moreover, (3.18) implies that, for every c ∈ X, we have
{x ∈ X : d(x, c) < r0 } = {x ∈ X : dρr (x, c) < r0 }
whenever 0 < r0 ⩽ r holds. Thus, the ultrametric spaces (X, d) and (X, ρr ) have the same
sets of open balls with a radius at most r. Now using Definition 2.7, we see that (X, ρr )
is a totally bounded ultrametric space. By Proposition 3.9, the diametrical graph GX,ρr is
complete k-partite for an integer k = k(r). As in the proof of Theorem 3.17, we obtain the
equality
GX,ρr = GrX,d .
(3.19)
Hence, GrX,d also is k-partite with the same k.
Suppose now that GrX,d is complete k-partite with an integer k = k(r) for every r ∈
(0, diam(X, d)). Using Theorem 3.17 we obtain that (X, d) is ultrametric.
Let r ∈ (0, diam(X, d)) be given. Then the space (X, ρr ) is also ultrametric. Now
equality (3.19) and Proposition 3.3 imply that there are points x1 , . . ., xk(r) ∈ X such that
k(r)

X⊆

[

Brρ∗ (xi )

(3.20)

i=1

where

r∗ = diam(X, ρr ) and Brρ∗ (xi ) = {x ∈ X : ρr (x, xi ) < r∗ }.

(3.21)

From (3.18) and the first equality in (3.21) it follows that
Brρ∗ (xi ) ⊆ Br (xi ) = {x ∈ X : d(x, xi ) < r}

(3.22)

for every i ∈ {1, . . . , k(r)}. Since r is an arbitrary point of the interval (0, diam(X, d)),
Definition 2.7 and formulas (3.20), (3.22) imply the total boundedness of (X, d).
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The following result is similar to Theorem 2.2 from [4] whose proof is based on properties
of ultrametric preserving functions. It is interesting to note that the concept of semimetric
spaces allows us to not use the ultrametric preserving functions in the proof below.
Theorem 3.19. Let (X, d) be an unbounded ultrametric space, let d∗ ∈ (0, ∞) and ρ : X ×
X → R+ be defined as
d∗ · d(x, y)
.
(3.23)
ρ(x, y) =
1 + d(x, y)
Then (X, ρ) is a bounded ultrametric space with empty diametrical graph GX,ρ .
Conversely, let (X, ρ) be a bounded ultrametric space with |X| ⩾ 2 and empty GX,ρ . Write
∗
d = diam(X, ρ). Then there is an unbounded ultrametric space (X, d) such that (3.23) holds
for all x, y ∈ X.
Proof. It is clear that the mapping ρ : X × X → R+ , defined by (3.23), is a semimetric. Let
us define a function f : R+ → R+ as
f (t) =

d∗ t
1+t

(3.24)

for all t ∈ R+ . Since f is strictly increasing and satisfies the equality f (0) = 0, the identical mapping Id : X → X is a weak similarity of (X, d) and (X, ρ). By Lemma 2.13, the
semimetric ρ : X × X → R+ is an ultrametric. Now from
lim f (t) = d∗ ,

t→∞

we obtain

ρ(x, y) < lim f (t) = d∗ = diam(X, ρ)
t→∞

for all x, y ∈ X. Thus, the diametrical graph GX,ρ is empty.
Conversely, let (X, ρ) be a bounded ultrametric space with |X| ⩾ 2 and empty diametrical
graph GX,ρ . Write d∗ = diam(X, ρ). The inequality |X| ⩾ 2 and boundedness of (X, ρ) imply
d∗ ∈ (0, ∞). The function g : [0, d∗ ) → R+ ,
g(s) =

d∗

s
,
−s

(3.25)

is strictly increasing and satisfies the equalities
g(0) = 0 and

lim g(s) = +∞.

s→d∗
s∈[0,d∗ )

(3.26)

Since d∗ equals diam(X, ρ), there are sequences (xn )n∈N ⊆ X and (yn )n∈N ⊆ X such that
lim ρ(xn , yn ) = d∗ .

n→∞

(3.27)

In addition, from E(GX,ρ ) = ∅ it follows that ρ(x, y) < d∗ holds for all x, y ∈ X. Consequently, we have the inclusion D(X, ρ) ⊆ [0, d∗ ). Now Lemma 2.13 implies that the mapping
d : X × X → R+ satisfying the equality
d(x, y) = g(ρ(x, y))
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for all x, y ∈ X is an ultrametric on X. From the second equality in (3.26) and equality (3.27)
it follows that (X, d) is unbounded. A direct calculation shows the equalities
f (g(s)) = s and g(f (t)) = t

(3.28)

hold for all s ∈ [0, d∗ ) and t ∈ [0, +∞), where f is defined by (3.24). Now equality (3.23)
follows from (3.28).
Remark 3.20. The condition |X| ⩾ 2 cannot be dropped in the second part of Theorem 3.19.
Indeed, if |X| = 1, then, for every metric ρ, the metric space (X, ρ) is bounded and ultrametric with empty diametrical graph GX,ρ and there are no ultrametrics d : X × X → R+
for which diam X = +∞ holds.
Lemma 3.21. Let (X, d) and (Y, ρ) be nonempty weakly similar ultrametric spaces. Then
the diametrical graph GX,d is empty if and only if the diametrical graph GY,ρ is empty.
Proof. Let Φ : X → Y be a weak similarity of (X, d) and (Y, ρ). Then, by Definition 2.12,
there is a strictly increasing bijective function f : D(X) → D(Y ). Therefore, the equivalence


diam X ∈ D(X, d) ⇔ diam Y ∈ D(Y, ρ)
is valid.
Using the concept of weak similarity we can give a more compact variant of Theorem 3.19.
Theorem 3.22. Let (X, d) be an ultrametric space with |X| ⩾ 2. Then the following statements are equivalent:
(i) (X, d) is weakly similar to an unbounded ultrametric space.
(ii) The diametrical graph GX,d is empty.
Proof. (i) ⇒ (ii). Let (X, d) be weakly similar to an unbounded ultrametric space (Y, ρ).
Then the diametrical graph GY,ρ is empty. Hence, GX,d is also empty by Lemma 3.21.
(ii) ⇒ (i). Suppose that the diametrical graph GX,d is empty. If (X, d) is unbounded,
then (ii) is valid because (X, d) is weakly similar to itself. If (X, d) is bounded, then, by
Theorem 3.19, there is an unbounded ultrametric space (Y, ρ) such that
d(x, y) = diam X

ρ(x, y)
1 + ρ(x, y)

for all x, y ∈ X. It was shown in the proof of Theorem 3.19 that (X, d) and (Y, ρ) are weakly
similar.
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